Abstract. In the present study, various Higher-order Shear Deformation beam Theories (HSDTs) are applied in order to achieve the exact analytical solution to bending, buckling, and free vibration of Functionally Graded (FG) nanobeam lying on the Winkler and Pasternak elastic foundations. HSDTs are those in which the e ect of transverse shear strain is included. The displacement eld of these theories involves a quadratic variation of transverse shear strains and stresses; hence, this hypothesis leads to the diminishing of transverse shear stresses at the top and bottom surfaces of a beam. Thus, necessarily, there is no need to use a shear correction factor in the HSDTs. Nanobeam has been made of FG materials in which the properties of these materials are changed through the thickness direction of nanobeam according to the power-law distribution. Hamilton's principle is used to derive the equation of motions and the related boundary conditions of simply supported nanobeam. The present study shows that the stability and vibration behaviors of FG nanobeam are extremely dependent on the Winkler and Pasternak elastic foundation, gradient index, aspect ratio, and nonlocal parameter. The obtained results of the present study might be useful in the advanced eld of micro/nano electromechanical systems.
Introduction
Nanotechnology is principally concerned with manufacturing of advanced materials at a nanoscale, which presents a novel class of structures with innovative properties and improved performance devices. The identi cation of mechanical behavior of nanostructures is critical in designing such structures for technological applications. Among these nanostructures are nanobeams which attract increasing concentration owing to their numerous possible applications, such as nanoprobes, nanowires, Atomic Force Microscope (AFM), nanosensors and nanoactuators. Also, size e ects are important on the mechanical performance of nanostructures in which sizes are small and analogous to molecular distances. This inspired many researchers to nd a new model to predict the mechanical behavior of these nanostructures.
Sun and Zhang [1] examined the weaknesses of continuum models in the nanometer length scale. They observed that material properties were in uenced by the length of plate structure. These results show that disconnected material structure at the nano-scale cannot be homogenized into a continuum. Currently, the nonlocal elastic continuum models are taken into account in the investigation of nanostructures. The nonlocal elasticity theory was rst presented by Eringen [2] [3] [4] . This theory states that the stress eld at a point of a body is a function of the strain eld at every point of the continuum body.
Many studies used the nonlocal elasticity theory to take into account nanoscale in uences on the nanostructures [5] [6] [7] [8] [9] [10] [11] [12] [13] . Civalek and Akg oz [7] used nonlocal Euler-Bernoulli theory and DQ method for static analysis of carbon nanotubes with various boundary conditions. S im sek and Yurtcu [9] used nonlocal EulerBernoulli and Timoshenko beam model for bending and buckling evaluations of the FG nanobeam. Uymaz [10] used the nonlocal elasticity to analyze the free and forced vibration behavior of FG nanobeams. In this study, it is seen that the nonlocal parameter plays an important role in vibration modes. Torsional and axial vibration behavior of microtubules was investigated using nonlocal elasticity theory for both continuous and discrete modeling by Demir and Civalek [14] . It was concluded that the nonlocal e ects play an important role in the static and buckling responses of the FG nanobeam.
A new generation of innovative inhomogeneous materials, constituted of two parts with dissimilar material properties and continuously changing composition spreading, has been established which is stated as Functionally Graded Materials (FGMs). Such materials have been presented to take bene t of the desired material properties of each component material without interface di culties. Nowadays, FGMs have been massively applied into micro or nano elements such as micro-switches [15, 16] , micro-piezoactuator [17] , micro/nano-electro mechanical systems (MEMS and NEMS) [18, 19] , and thin lms in the form of shape memory alloys [20, 21] .
Beams resting on elastic foundations have extensive applications in engineering structures. This inspired many scientists to examine the performance of structures in di erent kinds of elastic foundations. The Winkler-type elastic foundation is estimated as a series of closely spaced, mutually independent, and vertical linear elastic springs. The foundation modulus is characterized by sti ness of the springs. However, this model is considered as a rough approximation of the real mechanical performance of the elastic material. This is due to failure of the model to consider the continuity or cohesion of the medium. The interaction among the springs is not taken into account in Winklertype foundations. A more accurate and generalized modeling of the elastic foundation can be achieved by the way of a two-parameter foundation model. One such physical foundation model is the Pasternak-type foundation model [22] . The rst factor of Pasternak foundation model characterizes the normal pressure, while the second one accounts for the transverse shear stress caused by interaction of shear deformation of the surrounding elastic medium. Numerous researchers have studied the mechanical performance of nanoscale materials, particularly carbon nanotubes embedded in di erent surroundings, which can be modeled with various kinds of elastic foundations. Yoon and Midoduchowski studied the internal vibration of multi-wall carbon nanotubes surrounded by an elastic medium based on multiple-elastic beam model [23] . A combined method for bending and free vibration of arbitrary thick beams lying on Pasternak elastic foundation was presented by Chen et al. [24] . The in uence of Winkler and Pasternak elastic foundations on bending and free vibration of FG beams was investigated by Ying et al. [25] . Murmu and Pradhan investigated a thermal vibration of single-carbon nanotube lying on single-elastic medium using thermal nonlocal elasticity theory [26] . Soltani et al. [27] proposed a Timoshenko elastic model to predict the vibrational behavior of a multi-wall carbon nanotube embedded in a Pasternak medium. They used a generalized di erential quadrature method to solve the governing equations with di erent boundary conditions. The e ect of elastic foundation on nonlinear vibration analysis and buckling of FG nanobeam has been presented recently by Niknam and Aghdam [28] . An EulerBernoulli nonlocal beam model was used to analyze the buckling behavior of protein microtubules lying on elastic foundation by Civalek and Demir [29] . Also, di erent boundary conditions were investigated using a nite element method. It may be concluded that the elastic foundation coe cients have direct relation with both natural frequency and buckling load.
Beams are the elementary structures largely used in MEMS, NEMS, and AFM with the order of microns or sub-microns, and their properties are thoroughly related to their microstructure. By the increase of using FGM in structures, many beam theories have been proposed to predict the performance of FG beams [30] . The Classical Beam Theory (CBT), identi ed as EulerBernoulli beam model, is the simplest one and is suitable just for slender FG beams. In place of moderately deep FG beams, the CBT overestimates natural frequency and underestimates de ection due to overlooking the transverse shear e ect [22, 31, 32] . The Timoshenko beam model (First-order shear deformation Beam Theory-FBT) has been suggested to reduce the limitations of the CBT by taking into account the transverse shear in uence. As the transverse shear strain and consequently stress are assumed to be constant through the thickness coordinate in FBT, a shear correction factor is necessary to explain the inconsistency between the supposed constant stress state and the real stress state [33] [34] [35] [36] . To avoid the utilization of a shear correction factor and have an improved computation of FG beams behavior, HSDTs have been proposed. HSDTs can be set based on the assumption of a higher-order variation of axial displacement through the thickness direction of the beam [37] [38] [39] or both axial and transverse displacements through the thickness of the beam [40] [41] [42] .
Many investigations have been conducted trying to develop static and dynamic analyses of nanobeams based on various HSDTs. Thai and Vo focused on bending and free vibration behavior of FG beams using HSDTs in the microscopic scale [30] . Also, bending and vibration behavior of FG micro-beams based on the sinusoidal shear deformation theory was proposed by Lei et al. [43] . In addition, analytical solutions to bending and buckling of FG nanobeams via the nonlocal Timoshenko beam theory were presented by S im sek and Yurtcu [9] . Besides, the Euler-Bernoulli beam theory was used to obtain static de ection and buckling response of FG nanobeams by Eltaher et al. [44] . Furthermore, the size e ect on the vibrational behavior of FG nanobeams was studied based on nonlocal Timoshenko beam theory by Rahmani and Pedram [45] . Recently, vibrational analysis of FG nanobeams using various HSDTs has been presented by Refaeinejad et al. [46] .
With all due respect to the author's knowledge, the bending, buckling, and free transverse vibration behavior of FG nanobeams embedded in an elastic foundation, involved in both Winkler and Pasternak elastic foundations, have not been considered in the previous studies. So, the ultimate aim of this study is to cover these issues in the literature. This paper is the rst comprehensive study in which nonlocal elasticity theory has been implemented to investigate the bending, buckling, and free transverse vibration of FG nanobeam. The Winkler and Pasternak elastic foundation models have been used to simulate the substrate medium. Also, HSDTs have improved so as to predict the static and dynamic behaviors of nano-structures accurately. The suggested models accommodate quadratic variation of transverse shear strains (and hence stresses); consequently, a shear correction factor is not necessary. Hamilton's principle is applied to derive the equations of motion and the related BCs. The Navier solution is employed for simply supported BCs, and analytical solutions to the bending, buckling, and free transverse vibration are presented for FG nanobeams. In the following, the in uence of gradient index, Winkler and Pasternak parameters, size-scale parameter, and aspect ratio on the bending, buckling, and free transverse vibration characteristics of FG nanobeams are examined, and achieved results are compared with those in available literature to validate the accuracy of the present solution. Figure 1 indicates an FG nanobeam embedded in Winkler and Pasternak elastic foundations which has length, l, thickness, h, and width, b. All material properties such as Young's modulus, E, mass density, , and Poisson's ratio, , are assumed to vary with thickness z in accordance with the power law which is evaluated as follows: 
Material properties
Y (Z) = Y 1 Y 2 ! z h + 1 2 p + Y 2 :(1)
Nonlocal beam theory
Based on Eringen nonlocal theory, the stress eld at point X not only depends on the strain eld of the same point, but also depends on strains at all points of the body. The aforementioned fact is proven by the 
where represents the classical, microscopic second Piola-Kirchho stress tensor at point X, kernel function Kj(X 0 X); j denotes the nonlocal modulus, (X 0 X) is the distance, and stands for material parameter which depends on internal and external characteristic lengths. Based on the generalized Hooke's law, macroscopic stress, , at point X in Hookean solid is related to strain " at point X which is as follows: (X) = C(X) : "(X): (3) The fourth-order elasticity tensor which denotes double-dot product is represented by C. Eqs. (2) and (3) together represent the nonlocal constitutive behavior of Hookean solid. The weighted average of the contributions of the strain eld of all points in the body to the stress eld at point X is indicated by Eq. (2) . For the sake of simplicity, an equivalent di erential model is used instead of integral constitutive relation, which is evaluated as follows [2] :
(1 2 0 r 2 ) = ; 0 = 2`2 = e 2 0 a 2 ;
(4) where is the classical stress tensor at point x ( ij = C ijkl " kl ), and r 2 is the Laplacian operator. For a beam type structure, the nonlocal behavior can be ignored in the thickness direction. Therefore, the nonlocal constitutive relation takes the following form [3] :
E and G are elastic and shear moduli of the beam, respectively. The nonlocal parameter is denoted by = (e 0 ) 2 , and xx and xz represent the normal and tangential nonlocal stresses, sequentially. Figure 1 shows that the rectangular Cartesian coordinate systems, x, y, z, are assumed to be the length, width, and height of the nanobeam, respectively. Based on HSDTs, the displacement eld states that:
The governing equations
u z (x; z; t) = w b (x; t) + w s (x; t); (6) where u, w b and, w s are the axial displacement, bending and shear components of transverse displacement on the neutral axis of the nanobeam; f(z) determines the transverse shear strain and shear stress distributions through the thickness direction of the nanobeam that is called a shape function. The di erent shape functions, f(z), used in this study are listed in Table 1 , such as Third-order Beam Theory of Reddy (TBT) [47] , the Sinusoidal Beam Theory of Touratier (SBT) [48] , the Hyperbolic Beam Theory of Soldatos (HBT) [49] , the Exponential Beam Theory of Karama (EBT) [50] , the Aydogdu (generalized) Beam Theory (ABT) [6] ; and the formulations were proposed by Mantari et al. (HSDT1-HSDT3) [51] [52] [53] .
The non-zero strain elds are given as follows:
where g(z) = 1 df=dz is the shape function of transverse shear strains. Through the depth of the nanobeam, the distribution of the transverse shear strain and the transverse shear stresses are represented by these shape functions.
Hamilton's principle de nes that: 
where N, M b , M s , and Q are the stress resultants de ned as follows: 
The variation of the potential energy can be expressed as follows:
where q and N are the transverse and axial loads, respectively. In addition, the total transverse load, q, made of two parameters, is in the following form:
(12a) q 0 represents the transverse distributed load form. In the present study, f(x) caused by elastic foundation is considered as in the following form based on the Winkler and Pasternak foundations [54] [55] [56] [57] :
where C w (nN/nm 2 ) and C p (nN) are the Winkler and Pasternak sti ness parameters of the elastic medium. The variation of kinetic energy is expressed as follows: dx; (13) where is the mass density; (I 0 ; I 1 ; J 1 ; I 2 ; J 2 ; k 2 ) are the mas inertias de ned as follows:
where is the mass density in the form of power-law distribution. By putting expressions U, V , and T from Eqs. (9), (11), and (13) 
The reduced elastic constants are de ned as follows [10] :
where E is the elasticity modulus and is de ned as a function of thickness direction according to power-law distribution.
Equations of motion in terms of displacements
Substituting Eq. (17) 
6. Analytical solutions
In this section, the governing equations are analytically solved for bending, buckling, and free vibration of a simply-supported FG nanobeam lying on Winkler and Pasternak elastic foundations. The Navier solution procedure is used to determine the analytical solutions to simply-supported boundary conditions. The solution is assumed to be of the following form:
u(x; t) = 
where (U n ; W bn , and W sn ) are the unknown displacement coe cients, ! is the vibration frequency, = n L , and i = p 1. The applied transverse, q 0 , is expanded in Fourier series as follows:
where Q n is the Fourier coe cient. Substituting the expansions of u, w b , w s , and q from Eqs. (21) and (22) 
The expressions of S ij and M ij are given in the Appendix.
Bending
The static de ections are obtained from Eq. (23) 
Parametric results
In this section, the bending, buckling, and free transverse vibration of FG nanobeam embedded in Winkler and Pasternak elastic foundations are studied parametrically for di erent aspect ratios, gradient index, nonlocal, and Winkler-Pasternak elastic sti ness parameters.
In Tables 4 and 5 , the e ects of the Pasternak and Winkler coe cients on the dimensionless fundamental frequency of the FG nanobeam with respect to di erent nonlocal parameter, gradient index, and two aspect ratios have been proposed. As the tables show, the dimensionless fundamental frequency decreases as the gradient index increases. It should be considered that as the gradient index decreases, the FG nanobeam becomes sti er; that is, the value of the dimensionless fundamental frequency decreases. Also, the dimensionless fundamental frequency reduces by the increase in the value of nonlocal parameter, especially for lower values of the aspect ratio such as the e ect of gradient index. So, it can be considered that the e ect of the nonlocal parameter is more prominent for the lower values of aspect ratio. As a result, the in uence of nonlocal parameter can be ignored for higher values of aspect ratios. This shows that, for slender nanobeam, the e ect of sti ness of elastic foundation on fundamental frequency becomes more signi cant as compared to the nonlocal e ect. The e ects of Pasternak and Winkler coe cients are the same on the dimensionless fundamental frequency of FG nanobeam. It should be noted that the dimensionless fundamental frequency obtained from the Winkler foundation model is relatively larger than those obtained from the Pasternak foundation model, especially for slender nanobeam. Also, it can be seen in Tables 4 and 5 that the e ect of the increase on these elastic foundation coe cients leads to an increase in the dimensionless fundamental frequency, especially for higher value of aspect ratio (L=h > 20). Moreover, it can be observed that the divergence of dimensionless fundamental frequency between thick nanobeam (L=h = 5) and thin nanobeam (L=h = 20) becomes noticeable for the higher values of the elastic coe cients (i.e., C p , C w > 10 10 ). Therefore, the in uence of shear deformation can be disappeared for the lower value of the elastic coe cients (C p ; C w < 10 8 ).
The variations of dimensionless frequencies and buckling loads with di erent nonlocal parameters and foundation parameters are listed in Tables 6-9 . Five di erent mode numbers and two aspect ratios have been taken into consideration. In general, dimensionless frequency values increase due to the increase in mode number. It is also seen that the e ect of nonlocal parameter is more signi cant for higher mode numbers. Moreover, it can be observed that the e ect of mode number on the increase in dimensionless frequency is more signi cant for thin nanobeam (L=h > 10). Finally, the e ect of the increase in foundation parameters on the increase in dimensionless frequency is more signi cant for higher modes. It can be observed that the increase in foundation parameters and nonlocal parameter results in lower buckling loads. Also, it can be argued from these tables that, on one hand, the buckling load increases when the mode number increases, then it decreases due to the increase of mode numbers for thick nanobeams (L=h < 10).
On the other hand, the buckling load decreases with the increase of mode number continuously for thin nanobeams (L=h > 10).
Figures 2-5 have been plotted in order to present the di erence percentage of fundamental frequency between various HSDTs and Euler-Bernoulli Theory (CBT) with respect to the nonlocal parameter. Table 1 shows various HSDTs used in these gures. In other words, these gures have been drawn in order to represent the fundamental Frequency Di erence Percentage Between various HSDTs and CBT (FDPBHC). Also, these fundamental frequencies have varied by the various nonlocal parameter, aspect ratios, and gradient indexes.
The formulation used in vertical axis is given by 
CBT overestimates the fundamental frequency and critical buckling load; in addition, it underestimates the bending de ection of a beam [59, 60] . So, HSDTs can predict these parameters more precisely as compared to the classic beam theory by considering the e ect of transverse shear strain on the thickness of a beam. Figure 2 depicts L=h = 10 and p = 0:1. It can be seen that TBT, HBT, and HSDT1 have identically the same results. Also, it can be considered that SBT has the same results with those of TBT, HBT, and HSDT1 for local amount ( = 0) as well; however, this result has changed for the nonlocal model by the increase in the nonlocal parameter. Moreover, ABT and EBT give the same results for fundamental frequency. So, one of these aforementioned theories can be selected to take into account the e ect of transverse shear strain on the nanobeam. Figure 3 presents the fundamental frequency di erences for L=h = 10 and p = 1. The results presented in Figure 3 are similar to those presented in Figure 2 . But, with an increase in gradient index parameter, the results for the natural frequency of local model ( = 0), obtained from the theory of SBT, are not the same as those of TBT, HBT, and HSDT1 theories in Figure 2 (see Figure 3) . The selected parameters in Figure 4 are L=h = 50 and p = 0:1. As mentioned before, it is clear that the results for TBT, HBT, and HSDT1 are the same. On the other hand, the gures show the same results for SBT and HSDT2. In addition, it can be concluded for 3 (nm 2 ) that these ve theories (TBT, HBT, HSDT1, SBT, and HSDT2) give the same results. Hence, one of these theories can be selected, instead of all, to consider the e ect of transverse shear strain on Finally, in evaluations of Figures 2-5 , it can be seen that the HSDT3 predicts closer values to CBT in comparison with the other theories; it can be also noted that the largest di erences along with CBT are in TBT, HBT, and HSDT1 theories as compared to the other theories.
Since there are no di erences between the results of shear deformation beam theories, TBT is used in the rest of gures. The e ects of both the gradient index and the nonlocal parameter on the dimensionless buckling load of a FG nanobeam versus a wide range of Pasternak coe cient are depicted in Figure 6 . Also, the e ects of length-to-thickness ratio and nonlocal parameter on the dimensionless buckling load for increasing Winkler coe cients are shown in Figure 7 . Then, in Figure 8 , the e ects of the gradient index and the nonlocal parameter on the dimensionless buckling load versus a wide range of Pasternak coe cient are sketched. Moreover, in Figure 9 , dimensionless buckling load according to Winkler coe cient has been depicted for the variations of the nonlocal parameter and the gradient index. Figure 6 shows the e ects of the nonlocal parameter and di erent aspect ratios on the dimensionless de ection of FG nanobeam for the increasing Pasternak coe cients. It can be considered that the increase in Pasternak coe cient causes a decrease in the dimensionless de ection in a nonlinear way, especially for L=h > 7. Also, with the increase in the Pasternak coe cient, especially for C p > 10 12 , the results of the dimensionless de ection in various aspect ratios are the same. Furthermore, an increase in aspect ratio leads to a decrease in dimensionless de ection. In addition, by the increase in the nonlocal parameter, it can be seen that the results of the dimensionless de ection in various aspect ratios are the same. Finally, it can be considered that a signi cant increase in the dimensionless de ection will not be a ected by an increase in the nonlocal parameter. So, it can be concluded that the in uence of Pasternak elastic foundation on dimensionless de ection of nanobeam becomes more prominent as compared to the nonlocal e ect. Figure 7 is proposed in order to illustrate the e ect of the Winkler coe cient on the dimensionless de ection for the di erent nonlocal parameter and aspect ratios. It can be seen that the dimensionless de ection reduces by the increase in the Winkler coefcient, especially for the higher value of this parameter (Cw > 10 8 ). Also, it can be noted that by the increase in the aspect ratio, the dimensionless de ection reduces in all cases. Furthermore, when the nonlocal parameter reduces, the dimensionless de ection of nanobeam reduces as well. Moreover, it can be seen that the e ect of nonlocal parameter on the nanobeam has been diminished by the increase in aspect ratio values. So, this shows that the e ect of Winkler elastic foundation on dimensionless de ection of slender nanobeam (in higher value of the aspect ratio) becomes more prominent as compared to the nonlocal e ect. On the other hand, the e ect of Winkler coe cient on the reduction of nanobeam de ection is more obvious in the higher values of the aspect ratio. Hence, The Winkler foundation can be used to decrease the de ection of slender nanobeam. There are two curves which have been plotted for understanding the e ect of di erent nonlocal parameters and di erent gradient indexes on the variation of critical buckling loads of FG nanobeam embedded in the Winkler-Pasternak foundations. Figures 8 and 9 show the variation of critical buckling load with respect to Pasternak and Winkler coe cients, respectively. It should be noted that for the higher values of the Pasternak and Winkler coe cients, the critical buckling load of nanobeam is reduced, especially for C w ; C p > 10 6 . This is due to the higher sti ness amounts of the elastic foundation which leads to the reduction of critical buckling load. Also, it can be noted that with the increase in the gradient index, the dimensionless buckling load decreases. So, it can be seen that the FG nanobeam will be softer for the higher values of the gradient index. For higher value of nonlocal parameter , the critical buckling loads of FG nanobeam with elastic foundation model reduce. In addition, Figures 8  and 9 illustrate that the nonlocal parameter, will not have signi cant e ect on the buckling load resting on the elastic foundation. This shows that the e ect of sti ness of elastic foundation becomes more signi cant on the buckling load of the nanobeam as compared to that of nonlocal parameter.
Conclusion
In the present study, the exact solution was obtained for bending, buckling, and free vibration of the FG nanobeam lying on elastic foundation under axial and distributed transverse loads. Di erent HSDTs and the nonlocal beam theory of Eringen have been used to take into account both the e ects of shear strain and nanoscale. The main results obtained from this study are as follows:
The present paper demonstrates that the bending de ection, static buckling, and free vibration behavior of nanobeam are strongly dependent on the Winkler and Pasternak elastic foundation, aspect ratio, gradient index, and nonlocal parameter.
The e ect of the nonlocal parameter on the fundamental frequency of the FG nanobeam was reduced by the increase in the aspect ratio parameter, especially for the higher value of the elastic foundation coe cients. Also, it can be seen that the e ect of the Winkler-Pasternak coe cients on the fundamental frequency of the nanobeam can be neglected for the lower value of these elastic coe cients. Moreover, it can be declared that the increase in dimensionless frequency depends on the increase in foundation parameters, especially for higher mode numbers. Further, it was shown that TBT, HBT, and HSDT1 have the same results in order to derive fundamental frequency of the nanobeam (ABT and EBT are the same as well) in all of the di erent selected aspect ratios and gradient index parameters. Besides, other theories give the same results in some cases of aspect ratios and gradient indexes. Moreover, it can be concluded that the in uence of Winkler-Pasternak elastic foundation on dimensionless de ection and critical buckling load of nanobeam, especially in the higher value of the aspect ratio, becomes more signi cant as compared to the nonlocal e ect. In addition, it is noteworthy to mention that the e ect of mode number on the increase in the buckling loads has di erent behaviors regarding thin and thick nanobeam types. Furthermore, it should be noted that for the higher values of the Pasternak and Winkler coe cients, the dimensionless de ection and critical buckling load of nanobeam are reduced. In brief, considering these e ects can be useful to investigate the nonlocal bending, buckling, and vibration of nano-devices as a smart controller in reality.
